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Gravitational wave constraints on post-inflationary phases stiffer than radiation
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We point out that the existence of post-inflationary phases stiffer than radiation leads to the production of
stochastic gravitational wav&W) backgrounds whose logarithmic energy spe@imecritical unity are typi-
cally “blue” at high frequencies. The maximal spectral sldfer present frequencies larger than 10Hz) is
of order 1 and is related to the maximal sound velocity of the stiff plasma governing the evolution of the
geometry. The duration of the stiff phase is crucially determined by the back reaction of the GW leaving the
horizon during the de Sitter phase and reentering during the stiff phase. Therefore, the nfafiat@inary)
curvature scale has to be fine-tuned to a value smaller than the limits set by the large scale measurements
(Hgs=10® Myp) in order to have a sufficiently long stiff phase reaching an energy scale of the order of
1 TeV and even lower if we want the stiff phase to touch the hadronic (evaresponding toT.q
~140 MeV). By looking more positively at our exercise we see that, if an inflationary phase is followed by
a stiff phase, there exists the appealing possibility of “graviton reheating” whose effective temperature can be
generally quite low[S0556-282(98)02318-2

PACS numbegps): 98.80.Cq, 04.30.Db

I. INTRODUCTION reason for this quite minute amplitude comes essentially
from the measurement of the CMBR anisotropies. In fact, the
Strong causality argumenf4] forbid the existence of a tensor contribution to the CMBR anisotropies imposes a
never ending radiation dominated epoch. If this were thejuite important bound on the maximal curvature scale at
case regions emitting a highly homogenous and isotropithich the inflationary expansion occurred. By assuming, for
cosmic microwave background radiati®®@MBR) at the de- €xample, that the inflationary phase was of de Sitter type,
coupling epoch would not have been in causal contact in th#ith typical curvature scalélgs, we have to requirg10,11]
far past. This problem of horizorigogether with other kine-
matical problems of the standard cosmological mphal us H_dss 1078 (1.2
to assume an inflationary phalsy of accelerated expansion Mp

(a>0, a>0) where the(effectivg equation of state de- in order to be compatible with the detected level of anisotro-

scribing the background sources during inflation was dras“bies in the microwave sky. Constraints on the dynamical

cally deviating from the one of radiation. assumptions of various inflationary models can be derived on
In the context of ordinary inflationary modd8] the tran-  {he same basigl2].
sition from the inflationary regime to the radiation era is | this paper we want to explore a slightly different pic-
usually associated with a reheating phase where the energyre of the post-inflationary phase. Our suggestion is, in
density of the inflaton field is released “producing” a radia- short, the following. Suppose that the inflationary phase is
tion dominated phase. The dynamics of the inflaton righinot immediately followed by a radiation dominated phase
after the inflationary epoch has been recently discussed ibut by an intermediate phase whose equation of state is
detail [3]. stiffer than radiation[i.e., p=7yp, with y>1 and y
If this is the dynamical picture of the evolution of our =c2 (c, is the sound velocity of the plasijaThen, two
Universe in its early stages, then one of the most interestinfnteresting implications can arise. On one hand the transition
(and most difficult to tegtimplications is the production of a between the inflationary regime and the stiff regime leads to
stochastic background of gravitational wau@&W). It has  graviton spectra which slightly increase with frequeiaith
indeed been known for many years that the various transi“blue” slopes) in the ultraviolet branch of the spectrum, and
tions of the curvature scale lead, necessarily, to the amplifien the other hand, the back reaction effects associated with
cations of the quantum-mechanid¢ahcuum fluctuations of  the GW leaving the horizon during the de Sitter phase and
the tensor modes of the geomefd] and to the consequent reentering during the stiff phase can heat up the Universe
production of highly correlated graviton squeezed statesery efficiently, leading to a qualitatively new kind of reheat-
[5,6]. According to this mechanism, the energy density ofing which one can call “graviton reheating.”
gravitational origin can be estimated to k®day of the Even though the implications of this suggestion are ap-
order of 10 13 [7-9] (in critical unitg for (presentfrequen-  pealing it is certainly important to better justify some pos-
cies larger than 10'® Hz. The(logarithmig energy spectrum sible motivations of such a weird exercise.
turns out to be flat in the same interval of frequencies. The First of all we can say that such a suggestion is not for-
bidden by any present data. Indirect evidence of the fact that
the Universe might have been dominated by radiation around
*Electronic address: m.giovannini@damtp.cam.ac.uk temperatures of the order of 0.1 MeV comes from the suc-
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cess of the simpleshomogeneous and isotropibig-bang  temperature of the Universe was of the order of the pion
nucleosynthesi$BBN) scenarig/13]. In the absence of any mass(i.e., T~ 140 MeV). The idea was that at this stage
external magnetic fieldl14] and matter-antimatter domains the equation of state of the perfect fluid sources could be
[15], the light elements3He, “He, Li, D) abundances are stiffer than the one of radiation, namely, witp>1/3. On
reproduced by the BBN model provided the ratio of the barysphysical grounds, one can easily understand that the sound
onic charge density over the photon density is fine-tunedelocity in a perfect fluid is likely to be smaller than the
around 10°, However, prior to nucleosynthesis, there havespeed of light ¢<1 in our unit3. In particular the stiff
been no direct tests of the thermodynamical state of the Unimodel of Zeldovich assumes exactly that, prior to the had-
verse and, therefore, the effective equation of state of th&onic stage of evolutiony=1. The fact that the speed of
perfect fluid sources driving the evolution of the backgroundight equals the speed of sound also implies that the energy
geometry can be arbitrarily different than the one of a radiaﬂens'f‘y of the stiff sources d_ecre_ases faster than_ ra_dlatlon.
tion dominated plasma. Moreover, there are no compellin% Th|.s !ast feature of the stlff_ picture Qf hadronic interac-
reasons why long-rangéAbelian) gauge fields should not HONS iS indeed fatal for the logical consistency of the vvhole
have been present in the early Univef4s]. Owing to our proposal. Actually, the existence of a hadronic phase with an

: . . ._effective equation of state that is stiffer than radiation also
ignorance of the thermodynamlc.all state qf the Universe pno.?mplies the production of a stochastic background of GW
to the nucleosynthesis epoch, it is possible to postulate, 0 orol ked ds the Planck f h h
the framework of a particular model, the existence of post—S arply peaked towards the Planc requefRyy. Thus, the
inflationary (deceleratedphases differ,ent than radiation produced gravitational waves will back react on the geom-

The po)ésibility of ha\E)ing post-inflationary phases V\}hoseetry (effectively driven by the stiff fluidl Now, since the
(effective) equation of state is stiffer than radiation can also o9y density of the high-frequency GW reentering the ho-

. ; , rizon during the stiff epoch scales similar to radiatj@n,21]
be motivated in terms of different models. It was recently,, - correctly concludefR0] that if a stiff phase ever ex-

Lted prior to the usual radiation dominated phase, the back
reaction effects associated with the production of high-

) ; frequency gravitons turned the evolution of the Universe
work of the dilaton relaxatiofl7] where the resonant am- ery quickly into a radiation dominated phase. It was also

plification of gauge field_modes was aIsp discussed. In. fac, hown[20,22 that there are no chances of having a stiff
one can argue that a regime certainly exists where the kineti hase fror'n the Planck curvature scakép(~Mp) down to
energy of the single modulus is dominant against its potentia{i;e hadronic curvature scalél( dle“‘Ol\';I ) P

. al P .
energy. Theref_ore, the geometry would evolve_ fo!lowmg A" In our context there is a crucial difference with respect to
effective equation of state whose sound velocity is approxi-

) ; : Zeldovich’s suggestion and it is essentially given by Eg.
mately equal to the speed of light. In this regime the energ;h 1. Since thggcurvature scale is quite m)i/ngte in P}iangk
density of the modulus would scale ag,~a °. Of course L

) : o . . units GW back reaction is not switched on immediately.
intermediate situations can also be imagined so that we ¢

say more generally that some phases with<l43<1 can Monetheless, the aim of this exercise is to point out that the

occur as a result of the moduli relaxation. For example inoccurrence(and the durationof a post-inflationary phase
: . . Vo P, Nyiitfer than radiation is not a free parameter which we can
the context of dilaton relaxatiofil7], if the kinetic energy

dominates we get exactly a stiff fluid model wit=1. In adjust in the framework of a particular model to get the de-
fact. on theoretical roun)(;s the dilaton field)(has thé o sired effects. On the contrary, the duration of a stiff phase is
tent,ial of qoing fo gerdin the supersvmmetric Iin‘)itaspa significantly constrained by the back reaction of hard gravi-
double eg ongential(i e V~exp{lic2g< )], with c2 tons. In this sense our considerations owe very much to the
ositive an%l with a 'm.(;del-de endent pcons)tz;\r@n more pioneering works in the subjef20,22 but are applied to a
Ehysical groundsy/(¢) is beIie\eed to have onéor more different dynamical picture, where an inflationary phase is

e § Wh h | followed by a stiff phase. Our logic, in short, is the follow-
minima for somes~ ¢y . When ¢ reaches curvature scale j,, | ot ys assume, for example, that in some specific model

H~m (wherem S the dilaton _m_a_\s)san os_qlllatln_g phase 3 ge Sitter(inflationary) phase is followed by a stiff phase
begl_ns. Depending upon_the_ initial conditions Iy (the (for example, withp=p) at some cosmic time, . Then the
maximal curvaturgthe oscillating phase can be preceded by, gravitons excited during the de Sitter phase will have
a stiff phase where the dilaton kinetic energy dom|nate§ypica| (physica) momentum % wqs(ty) ~#Hd(t;). Since
[¢*>V(¢)], and therefore the evolution of the dilaton in the Hubble distancéi ! deviates(during the stiff phase
curvature will be¢p= ¢+ ¢,10g[H/H;] implying ¢>~a 6. from the value during the de Sitter epoch as a consequence
It was recently speculatdd 8] (without relation to moduli  of the change in the expansion rate the hard gravitons with
relaxation that, provided the stiff phase is long enough, in- o< wyg Will reenter at different times during the stiff phase.
teresting effects can also be expected at energy scales of tlénce their effective equation of state is the one of radiation
order of 100 GeMcorresponding to a curvature scale of thethey will modify the dynamics of the stiff phase by ulti-
orderH,,~10 **Mp). Historically, the first one to imagine mately destroying it and by turning it into a radiation domi-
the appealing possibility of having long stiff epochs was Zel-nated phase. By looking positively at this effect we could say
dovich [19]. At that time inflationary models had not yet that the graviton back reaction represents a reasonable can-
been formulated and it seemed quite crucial to correctlydidate in order to implement a reasonable reheating mecha-
model the quark-hadron phase transition occurring when theism in these classes of models. At the same time the con-

of the moduli towards the minimum of their nonperturbative
potential[16]. A similar idea was investigated in the frame-
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straints imposed by thévenproduction of gravitons might is greater than the speed of light. By integrating the FRW
be viewed as a weakness of the scenario. A related result efquations(2.2) after t; with the closure given by Eq2.3)
our analysis will be the calculation of the GW spectra pro-we find that
duced during these types of stiff post-inflationary phases.

The plan of our paper is then the following. In Sec. Il we
will introduce the basic equations describing the background
evolution during a stiff post-inflationary phase. Section Ill is
devoted to the calculation of the GW spectra in these modelsyith
In Sec. IV we will discuss the back reaction effects associ-
ated with hard(nonthermal gravitons and we will discuss 2 -
the possible modification of the background evolution. Sec- a= m p1=HiMp, a;=a(ty), (2.9
tion IV contains our concluding remarks.

2l

a(ty=a; a

(2.9

t o
a_tl) , p()=pq

whereH=H(t,) is simply the value of the Hubble param-
Il. BASIC EQUATIONS eter at the end of the inflationary phase.
We want to stress that our approach in the present section
In this section we consider the simplest homogeneous angill be an effective one: since the evolution equation of the
isotropic models of Friedmann-Robertson-WalkéiRW)  tensor modes of the geometry is essentially determardg
type with line element by the behavior of the scalar curvature we feel free to use the
5 simplest fluid model for the description of the background
dr sources. This is, of course, not a limitation. The effective
1—kr? fluid sources can be thought of as being modeled by the
energy momentum tensor of of@ more scalar fields.
T 5 Concerning the inflationary phase we will not make any
+r2(d6?+sir’6d ¢?) (2.)  type of weird assumption about the background evolution.
Indeed we will show that our considerations will only be
(Greek indices run from O to 3, whereas Latin indices runm'iIdIy sensitive tg the specific inflationary _dynamics and
from 1 to 3). The derivative with respect to the cosmic timeWill only (but crucially depend upon the maximal curvature
t will be denoted by an overdot whereas the derivative with5C2/€ reached during inflation. From a purely kinematical
respect to the conformal time will be denoted by a prime point pf view we will explore expanding inflationary epochs
[as usual(n)dn=dt]. The sign of the spatial curvature (i.e., a>O, a>0) with constant or decreasing curvature
=+1,0,—1 corresponds to closed, flat, or open spaces. Wé.e.,H<0). The de Sittefor quasi-de Sittgrcase seems to
will assume that the evolution of the geometry follows gen-emerge quite naturally in the framework of the slow-rolling
eral relativity. Therefore the coupled evolution of ttger-  approximation[2]. It is important to point out that the de
fect) fluid sources and of the geometry will be conveniently Sitter case and the power-law case will produce, respec-

ds’=g,,,dx*dx"=dt*—a?(t)

described in terms of the well known FRW equations tively, either a flat or decreasing energy spectfurd,7—9.
Having said this we will focus our attention on the case
ol K| K where a pure de Sitter phase is followed by a stiff phase and
M| H = 22 _p_;' we will comment, where appropriate, on the other possible

cases. Therefore the model we want to investigate is given
_ 1 (in conformal time essentially by three phases:
ME[H2+H]=—>(p+3p),

N _
ai(n)= (7’) n<— 11,

. dloga
(1+B)m+7n]?
@2 as(n)= | M<n<7,
where H is the Hubble parameter and we also wrl,
=(8wG/3)" Y2 Focusing our attention on the conformally o
flat case =0) we will consider models of background evo- 5 ()= Bt (B m=(B=1)m - 2.6
lution where an inflationary phasa¥0, a>0) is followed [Bn)P[ 7+ (B+1) 7] 7

at some timet; by a decelerated phas@<0, a>0). In
particular we will assume that the sources fort; will be
well approximated by a barotropic equation of state

The subscripts, s, andr simply stand for inflationary, stiff,
and radiation dominated phases. An important feature of Eq.
(2.6) is the continuity of the scale factofand of their first
p=vp, (2.3 conformal time derivativesin the matching pointsy; and
7, . Notice also that the generic exponghtspecifying the
with 1/3<y<1. We consider the case wheye>1 unrealis- dynamics during the stiff phase is trivially related to the
tic since this would mean that the sound velocity of the fluidpreviously introducedr and y parameters, namely,
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o 2 Summarizing, we have four functions for scalars, four
B= 1—a 3y+1° (2.7 functions for vectors, and two functiorithe two polariza-
tions ofh;;) for the tensors. In total there are ten independent
Of course the three phases specified by @cf) are usually ~degrees of freedom describing the fluctuations as required by
complemented by the transition to matter domination occurthe tensor properties of the origin@inperturbegl metric.
ring at 7gec. FOr 7> 74ec the scale factor evolves paraboli- Moreover the conditions expressed in Eg.3) imply that
cally[i.e.,an( %)~ 7?] in the matter epoch. Our main goal in the two physical(independent polarizations ofh;; do not
this paper will be to study the gravitational wave spectra incontain any pieces which transform as scalars or vectors un-
these models and to study which kind of constraints arise bgler three-dimensional rotations. As a consequence of its defi-
changingH, andy. Notice that the time of the inflation-stiff nition, h;; is directly invariant under infinitesimal coordinate

phase transition isy; =[a;(t;)H;(t;)] . transformations preserving the tensorial character of the fluc-
tuations[4,23].
lIl. GRAVITATIONAL WAVE SPECTRA EROM In order to obtain the evolution equation of the metric
STIEE PHASES fluctuations there are at least two different procedures. First

of all one could think to perturlito first order in the metric
The evolution of the scalar, vector, and tensor fluctuationgluctuations the Einstein equations. On the other hand one
of a given background geometry can be directly discussed byould also perturb the Einstein-Hilbert action
perturbing(to second order in the amplitude of the fluctua-
tions) the Einstein-Hilbert action. An important property of 1
the metric perturbations in FRW backgrounds of the type S=- 6I_2
defined in Eq.(2.1) is that scalar, vector, and tensor modes P
are decoupledi23] (this feature does not hold in the case of —defg,,], lp=M3l (3.5
anisotropic background geometri€24]). This fact means 9 Gurdr e P '
that by defining the fluctuations of the background metricg second order in the amplitude of the metric fluctuations
Qu» @S [25].
. _ . It is convenient to notice that the two procedures are cer-
9% 1) =9 (7) + 89,.,(X, 1), (3.1 tainly equivalent but the perturbation of the action provides
more information since it allows us to isolatap to total
derivative termsthe normal modes of oscillation of the sys-
- - - - tem which one might want to normalize to the value of the
89,u,(X, 1) = 8G,5(X, 1) + 89}, (X, ) + 89, (X, ), quantum-mechanical fluctuations. By perturbing the action
(3.2 given in Eq.(3.5 to second order in the amplitude of the
where S, V, T stand respectively for, scalar, vector, angdtensor fluctuations we obtain that, up to total derivatives
tensor modes. This classification refers to the way in whicr24],

the fields from which&gw(i, n) are constructed, change 1
under three-dimension#&bpatia) coordinate transformations 5<2>5<T>:_f d"'X\/—_E[aahij&Bh”E“ﬁ] (3.6)
on the constant(conforma)-time hypersurface. Since 241,2:

5gﬂ,,(>z, n) (being a symmetric four-dimensional tensor of

rank 2 has ten independent components the scalar vec:to[’We remind the reader that in this and i_n the followin_g for-
and tensor modes will be parametrized by ten independerwUIaS the shift from upper to lower spatial indidesd vice

space-time functions. More specifically, scalar perturbation%grﬁ]%frsg ne by using the spatial background mericand

will be parametrized by four independent scalar functions For a wave moving in thec=z direction in our i
and vector perturbations by two divergenceless three- or a wave moving &= ectio our coordl-

—plo 2 _h2_pl .
dimensional vectorgequivalent to four independent func- nates one habg=h;=—h; andhg=hi=h; and the per
tions). Pure tensor modes of the metficorresponding to turbed action becomes
physical gravitational waves propagating in a homogeneous 1
and jsotropic backgrour)_d:an be constructe_d using a sym- 5(2)3(T):_2f d4x- /—E[aah@aﬁh@gaﬂ
metric three tensoh;; satisfying the constraints 1215

f d'xV-gR,  R=g*R,g,

the metric fluctuation can be formally written as

ho,=0, h{=0, Vih;=0 (3.3 + 3,050 5059%]. (3.7

(V; denotes the covariant derivative with respect to the threeBy now varying the perturbed action we get the evolution
dimensional metric Notice that with our conventions equation for each polarization:
8g{l)=h,, and sgf;,=—h*". The line element perturbed ) _ i _
by the tensor modes can then be written as he+3Hh;—V?h,=0, hy+3H h®—V2h®=O.(3 9
=32 2_(~n. 4+h iqyl .
ds'=a%(y)dn (i + hij)ex ] (39 From Eq.(3.7) it is also possible to deduce the form of the
(where y;; is the spatial background metyic canonical normal modes, namely, those modes whose La-
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grangian reduces to the Lagrangian of two minimallyfluctuations, however, our approach would be less correct
coupled scalar fieldgin flat spacg with time-dependent since, in the scalar case, the off-diagonal components of the

mass terms. Defining Einstein equations receive a contribution leading to con-
straints. In order to get the Hamiltonian for the scalar modes

B ahg B ahg 3.9 (and the related algebra of the constraititee (Hamiltonian
Moo= Jolp’ Moo= J6lp (3.9 superspace approach is more compelling. We point out that,

in any case, in our present approach it is also possible to get
we can write, from Eq(3.7), the action for the canonical the correct result for the Hamiltonian of the scalar modes by
normal modes inserting, in the perturbed action of the scalar fluctuations,
the constraint equation arising from theiJ@omponents of

525 3 the Einstein equation7].
S= [ dd7y L, (3.10 Promoting the classical Hamiltonian quantum-mechanical
operator the evolution equations for the field operators be-

where(always up to total derivativés come, in the Heisenberg representation,

1 el e

L= E[ﬂaﬁaaﬂeaaﬂﬂea"' 77a'85'a#®3/3ﬂ® ine=[ue Ql, 1mg=[ms,Ql,
H(H2HH ) (o + 1o?)] (3.1 iny=lns.Ql, im,=[ms.Ql. 016
3.1

(745=diag(1-1,—1,—1) is the flat space-time metric and

H=[loga]’). From Eq.(3.11) we can derive the evolution Notice that(as it has to bethe evolution equations in the
equations of the canonical normal modes by taking the funcHeisenberg representation are exactly identjta the field
tional variation with respect ta, and u, with the result —operatory to the ones derived for the classical fields in Eq.
that (3.12 once the explicit expressions of the conjugated mo-
menta(i.e., m, =, and m,=u,) are inserted back into
Eqg.(3.16. We also point out that the Hermitian Hamiltonian
of Eq.(3.14) is quadratic in the field operators and belongs to
(3.12 a general class of time-dependent Hamiltonians widely used
in quantum opticg5,28] in the context of the parametric
amplification of the vacuum fluctuations of the electromag-
%hetic field through laser beams. The same discussion of the
Heisenberg picture can be easily translated to the Schro

n n

M%_V2M®_ g,u,@):O, Mg;_vzﬂ@_ E/—L@ZO-

The normal modes obtained in E§.19 can be now canoni-
cally quantized. First of all we define the canonical moment

- :i - :i (3.13 dinger picture where the final state of evolution is a many
° g ’ ® I ’ particle state unitarily connected to the initial vacu(arso-
called squeezed stafts,28]). Having fixed this standard no-
leading to the Hamiltonian tation we can expand the operators in Fourier integrals
_ 3 ' r_ ~ 1 R
Q f d*X[Teuyt+ Toue—L]. (3.149 o= 7 )3/2f d3k[M®(k,7])a@(k)e'k'X
T
We then impose théequal tim¢ commutation relations be- . -
tween the corresponding field operators: + s (K nag(k)e ™ ],
[16(X,7), 7o (Y, m)]=i 8(X~Y), ) 1 A
(3.19 o= J K[ o (K, )8 (K

[,(L®(X,77),’7T®(y,77)]:iéG(X—y). o
* AT (kya—ik-x

We want to remind the reader that the way we obtained the e (ki mag (ke ] (3.17

Hamiltonian is quite naive. In fact there is a formally more ) . N -

correct way of getting the Hamiltonian for the perturbations(recall  that, inour notation, hg (X, 7)= V6[lp/

[26]. One should, in fact, start with the Hamiltonian in su- a] g «(X,%)). From Eq.(3.15 a, andag obey the follow-

perspace, fix the background, and then obtain the Hamiling commutation relations:

tonian for the perturbations together with faimdependent

constraints(two for scalar perturbations and two for vector [5@(@,5;('2')]: S (k—K"),

perturbations Therefore, in a fully consistent Hamiltonian

approach to perturbations there are no constraints arising

from the tensor modes. This is the reason why our naive

approach leads to the same result of the Hamiltonian formal- o

ism with respect to the tensor modes. In the case of scalar [ag(k),ag(k’)]=0. (3.18

[a,(k),al(k")]=6%(k—Kk"),
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Therefore the evolution equations for the Fourier amplitudes f=a2(H+2 H)
re(K,7) and g (k, ) become
a” . 2
" 2_ _ _Z _.2 2
M@,®+[k f(ﬂ)]#@,@)—O, f(n)= a—a (H+2H%) n,
(3.19 2
[where, for the Fourier amplitudes, we defing(k, )
=ah(k, n)]. e
By taking the functional derivative of the action reported
in Eqg. (3.6) with respect to the background metric we indeed Sm, st n, e stage n,_ msge
find an effective energy-momentum tensor of the fluctuations
which reads FIG. 1. The “effective potential” a"/a appearing in the
Schralinger-like equation(3.19 is reported as a function of the
conformal time coordinate. In the standard scenario, the intermedi-
T 2 d,hgd hg+d,hyd,hg ate(stiff) phase is absent and, therefore, all the mddesil reenter
P during the radiation epoch leadirigt high frequenciggo the usual
1 Harrison-Zeldovich(flat) energy spectrum. In our case the modes
—Zq (g8 qeB reentering during the radiation dominated eka<(y, 1) will always
2gW(g dhedghe +9“Fd hgdghy) | g g 7

have a flat energy spectrum. At the same time, some modes going
(3.20 under the potential barrier during the de Sitter phasstége and
reentering the horizon during the stiff phasestage will lead to a
If we define the vacuum state vect@;04) which is anni-  modification of the high-frequency branch of the spectrum which
hilated bya., anda, we obtain that the energy density of the Will become mildly increasingsee Egs.(3.30,(3.31, and Eq.

6 :
produced gravitons will be given by (3.32)]._We strelses that at large (18 Hz< w<_10 Hz) arld in-
termediate (10™° Hz<w<w,) (presenk physical frequencies, the

pew( 1) ={0504|7o0|0504) spectrum does not change with respect to the usual ré4@/f8—9
since the corresponding modes will not “feel” the presence of the
1 s , 5 ) ) stiff phase.
_MJ d>k{[hg (k, ]2+ [hi (k, )]
1 (2)
+K[|hg(k, )2+ |hg(k, 7) |21} (320 m(uW= ﬁ\/ﬁHslz(U)- n<— 171,

In order to compute the GW spectra produced by the transi-

tion of the background from an inflationary phase to a decel- 1 2 1
erated stiff phase we have to solve the evolution equatioﬁll(v)_ ﬁ\/;[b”"v (v)+b_H,"(v)],
(3.19. From Eqg.(3.19 we clearly see that the evolution

equation of the(tensoy normal modes of the geometry is - <<,

determined not only byH? but also byH. Therefore, de-

pending upon the sign ¢ different inflationary models will _ Ciu "
give different(large scale spectral distributions of the am- & (W)= ﬁ[cﬁ tc_ €%l Ngec< <7,

plified gravitational waves. (3.23
In the three phases defined in E@.6) the evolution
equation(3.19 reads where
. 2 2v=|2B-1|, u=kp, v=Kk7p+(B+1)n].
W'+ kz—? pn=0, n<—1m, (3.24
( ) Notice that the Wronskian normalization of the solutions im-
B(B—1 poses thatb_|2—|b_|?=1 and|c,|?—|c_|?=1. See also
" 2_ — _ + — + - .
p kK [+ (Bt 1) .2 p=0, —m<n<m, Fig. 1 for a pictorial description of the amplification process.

By computing the coefficientb_ andc_ we can have an
W HICL=0, Bge< <, (3.22 estimate of the energy spectrum of the produced gravitons

reentering the horizon, respectively, after (i.e., right after
(notice that we dropped the subscript referring to each polarthe completion of the inflationary phasend afters, (i.e.,
ization). The solution of the evolution equations in the threeimmediately after the beginning of the radiation dominated
regions can be written in terms of Hankel functid29,30.  epoch. Notice thatz, appearing in Eq(3.23 is not a free
Since we are dealing with Fourier amplitudes of the normaparameter since the duration of the stiff phase ending iis
modes of oscillation we normalize them directly to the quan-determined essentially by the back reaction of the modes
tum mechanical noise lever(1/\k) for 7<— 7;: which reentered right aftes, . In order to further clarify this
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ppint we have to compute the _GW energy spectra pro_duceghotice that u;,=kz,, and vy, =k[ 7., +(8+1)7]).
right after 5, . The energy density of the produced gravitonsThese expressions are correct as long as the effective equa-
per logarithmic interval of longitudinal momentum can be tion of state parametrizing the evolution of the sources in the

obtained from Eq(3.21): intermediate phase hag<1. For y=1 (corresponding to
B=3%, a=% and v=0), the solution of Eq(3.22 in the
plw,t)= dpew(@,t) (3.25 intermediate phagé.e., what we call,(v) in Eq.(3.23]is

’ dloge ' given in terms oH{?(v) and, therefore, the amplification

) ) ) ) coefficients get logarithmically correctdah the sudden ap-
wherew=k/a. Sometimeo(w,t) is called logarithmic en- roximation, and the final result is

ergy spectrum. Notice that one can define the energy density
of the gravitational wave backgrourioh a semiclassical de- w1
scription through the energy-momentum pseudotensor of lb_|= |09(w—
the amplified tensor modes. In the approach of the energy- '
momentum pseudotensor the quantum-mechanical expecta- —120 J\32 [,
(—) (—) Iog( —) y WS o<o;.
Wy

-3/2

, o <w<wi,
w1

tion values are replaced by ensemble averages over a distri- |¢_|=
bution of stochastic variables whose two-point function has

to be specified separately by requiring that each Fourier am- 329
plitude of the tensor modes is independent of the others i
momentum space. This “stochastic” condition on the Fou-
rier amplitudes is the result, in a fully quantum-mechanical
approach, of the unitarity of the graviton production proces
driven by the Hermitian Hamiltonia(8.14). We stress that if
our initial state is not the vacuuiibut, for example, a non-
pure state characterized by a specific density m3g2#),

Wy Wy

Notice thatwge=10"1® Hz is the frequency corresponding

0 7gec; Namely, to the moment of the transition to the
matter-dominated epoch. Of course the gravitational wave
S's’pectra will have a furtheffourth) branch corresponding to
the modes reentering the horizon during the radiation domi-
nated epoch32]. This infrared branch of the sp?gtrum con-

. : : cerns frequenciesy<w<wge., Where wy=10""° Hz is

the expression given in Eq3.2]) for the averaged energy the frequeqncy Corregpondingetco the preseont horizon. It is well

density will also be different. ; :
. — known that in the infrared branch the spectrum turns out to
From Eq.(3.21) and using the definitioi3.25 we have be steeply decreasing as 2 [9,32). Since the purpose of

wfiltttéa ngh phase of the model the energy spectra can %%r paper is the investigation of the effects of the produced

gravitons during the stiff phase we will neglect, in the fol-
1 w4 Q.14 Iowing_ consjderations, t_he infrared b_ranch. o
plw,t)= _H‘I(_) |b_|2[—1} . —m<n<n,, By inserting the obtained expressions of the amplification
2 w1 a coefficients in the expression for the energy spectrum of Eq.
(3.26) we get the main result of this section

1 w 4 a.l 4
p(w,t)z—zH‘l‘(—) lc_|? _} L o> 1w\ e
2 w1y a p(w,t)~—2 2H1 o —, o<o<wi,
(3.26 ™ 1
In order to compute the coefficierfts_| and|c_| we use the 1o\ eyt
sudden approximation, namely, we will mainly consider the plw,t)~ —2 2Hl(w_1) =, oge<o<o,.
T

amplification of the mode&#,;=<1 [31]. A possible tech- 33
nique is to match, im, and#, , the exact solutions given by (3.30

Eq. (3.23 and their first derivatives. Therefore, imposing theAgain, this expression is logarithmically corrected in the
conditions —1 limit;

4
, o<w<wi,

(U =pmy(ve), p (U= py(vy), ©

w3

a;
log? =

() 1 H4( 1)
plw,l)~ —— -
(v = (ur),  mp(o)=ppu), 272 oy

(3.27

1 w w
we obtain an expression for the amplification coefficients p(w.t)N—zH‘f(m—r) |092(w—r
which we evaluate in the sudden approximation 2m ! !

4
y Wdecl o< wy .

(3.3

A few comments are in order concerning E¢8.30 and

(3.3). First of all we can notice that the energy spectra are

1 ap i scale invariant fow <, . This branch of the spectrum cor-

Ic ~<g) (i) (ﬂ) o < responds to modes which went out of the horizon during the
- ' dec r initial de Sitter phase and reentered during the radiation

(3.28 dominated phase. There is, therefore, no surprise for this

a

—3/2—v
y or<ow<wi,

w3 Wy
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behavior which corresponds to the usual Harrison-Zeldovich=1, the curvature scale at which the transition to radiation
spectrum of the stochastic GW backgrounds. Moreover, weakes place isH,~€*Mp. In frequency, the length of the
point out that forw,— w, (i.e., pointlike stiff phaspwe re-  stiff phase (with y=1) will then be w,/w,~ 7,8,/ 7,3,
produce the usual results well known in the context of the~ 3. Thus, if one wants to readwithin a stiff phase with
theory of graviton production when a de Sitter phase is sudy=1) the hadronic curvature scald,~10 *Mp we
denly followed by a radiation dominated ph44€,9,39. For  should fine-tune~ 10~ 2.

modes leaving the horizon during the de Sitter phase and The maximal scaled, is certainly constrained. If a de
reentering during the stiff phases(<w<w;) we get the Sitter phase is immediately followed by a radiation domi-
curious result that the energy spectrum increases as a fungated phase, the GW energy spectrum is flat dgg< w
tion of the frequency. This feature of our result can be easily<w, (notice that, today, wge~10"' Hz and o,
understood by bearing in mind that the ultraviolet branch of- 1011\/2 Hz). For wp<w<wge the spectrum decreases

the spectrum goes as and, thereforee<10~° which is exactly the bound reported
in Eg. (1.1) coming from the tensor contribution to the
o\ 3(1-vy) CMBR anisotropy.
P YT 2(@y+1) (3.32 If the de Sitter phase is followed by a stiff phase the

spectra grow forw,<w<w,. Take, for instance, the case

If 1<y=<1 we have that 2<1 and the spectrum always ¥~ 1 Wher?P(“”t)NHi(w/“’l) up to logarithmic correc-
mildly increases with maximal slopew(w,) (for y=1).  tions. In this branqh, since the spectrum increases, the most
The minimal slope corresponds to the casel/3 (flat case §|gn|f|c§1nt constraint comes from the bound energy densﬁy
where the flat spectrum is recovered for the entjesent N relativistic degrees of freedom at the nucleosynthesis ep-
frequency range. This peculiar behavior is really not so®ch [32,33. Thus the bounds oe might be a bit different
strange. This peculiar feature of stiff models was indeed not€ven if not by much due to the very mild increase of the
ticed long agd20]. In our case the only difference is that SPectral energy densityToday, in the rang@ge<w<w;
prior to the stiff phase there is a de Sitter phase and, therdbe spectral energy densitgin critical unity would be
fore, the calculation of the amplification coefficients involves ew(®.t) ~ 10" *€*(w/w1). Now the large scale bound

a further transition. This further transition modifies the high-imposes that in this phageg,,=< 10" **. Taking into account
energy behavior of the spectrum which still increases bufioW that o, /w,~€® (for the casey=1) we have that
more mildly if compared to the case where the de Sittefow(@,t)~ €. Imposinge< 107° now we get that, for
phase was absefi20]. If the inflationary phase is not de @dec< @<y, QGw(w,t)<1_0714- The argument can be
Sitter but power law(i.e., H<0) or superinflationany6] easnylextended to the entire class of stiff modgls., 1/3
(H>0) the spectra_ of the m.o_des reenter.ing in the radiatjon< )I,n< c)o.nclusion, the possibility of having a stiff post-
epoch will be crucially modified and their amplitudes will inflationary phase necessarily implies a reheating driven by

alWE‘Yg be subjected to thg Iarge scale COOSU‘?‘HE ( gravitational waves reentering the horizon during the stiff
=10""Mp) provided that the inflationary phase is either dephase. In order to have a significantly long stiff phase, how-

Sitter—like or power law. In the case of superinflatiéead- o\ or “fine-tuning is strictly required making these models

Ing _to Increasing energy spec),rahe nucleosynthegls con- perhaps less attractive. We will elaborate on this point in the
straint will always be the most stringent of#2,33 since it next section

involves the integrated energy density and is applied at all
frequencies.

The background energy decreases during the stiff phase as IV. BACK REACTION EFFECTS
H2M2(a,/a)°("" Y, whereas the radiation stored in GW de-

4 .
Ccreases asa_g_/a) and there_fore, at some stage, the grawto_nthe stiff phase and the radiation dominated phase induced by
radiation will become dominant. To precisely compute this he hard gravitons, we rewrite EB.19 in a slightly differ-
moment we have to integrate the graviton spectrum over a}m form. namel )[2’2] '

the modes, insert it back into the Einstein equations and;
finally, solve the modified Einstein equations. By defining
e=H;/Mp, a simple argument based on the calculations
reported in the previous section shows that, since the energy
spectra are increasing, the most significant contribution of
the hard gravitons to the energy denditytegrated over the
whole spectrumwill occur for w~ w,. This energy density WhereQ,(7)=+—gw=ka? andh=a"'x. A formal solu-
will turn the stiff background into radiation at a critical value tion to this equation can be written as

of the scale factom,~e?(*"3Ya,; and the stiff fluid will

In order to estimate the length of the transition between

2

2 dt 2
ﬁ‘f’QK(T) h@y®:O, dﬂ:g:a dT, (41)

correspondingly turn into radiatiofi.e., y—1/3). Taking 1
into account now that during the stiff phasa(t) h(k,7)= —=[C_,.h_(k,7)+C_h (k,7)], (4.2
~1?BO+1 we have that, according to our estimate, the V20

back reaction effects will become significant at a curvature
scale H,~ e(67*2/G»=UM, . For example, if we takey  with
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4.3 C,= ., C_=

hi(k,r)=exp[¢if Q.dr

Q>
O+ =2
Q1vQy o

Q2
Ql\/Q_k—\/?J,

(notice thatC, andC_ are complex functions of; thanks 1
to the Wronskian normalization condition we also have that QI Q,+Q;Q5=5. (4.9
|C.|?—|C_|?=1). By inserting the solution given in Eq. 2
(4.2) back into Eq.(4.1) we can obtain an evolution equation

for the two, time-dependent coefficier@s, [34] Since the amount of the amplification of the GW has essen-

tially been determined in this approach, [&_|2 we fix Q,
and Q, by requiring that at the timey; (ort;) |C_(k,ty)]
=0. Thus, from Eq(4.9) we get that

dC, 1 dIonghz dC_ 1 dIonghz
dr 2 dr *t°7' dr 2 dr —°F
(4.4 1 VO,(ty)

|Ql|: ’ | 2|: 2 1 Qk(tl):aik
(from now on we will drop the subscript referring to the two 2V (ty)
polarizationg. We are now going to solve these equations for (4.10

the mOd(.ag(”lSl'. It is easy to show.that ol sudden.ap- Using Eq.(4.2) and summing the polarizations we get that
proximation used in the previous section corresponds, in the

language of Eq(4.1), to the smallf "2d7Q(7) limit. In fact 1
pontl) = —— [ wol|C,(0.0+]C (w,0]7)
frlﬂk(r)drzfflkazdrzf”lkdrpknl 4.5 87
_ 1 3 2
(the last two equalities follow from the definition ofr in 8 773f et e[2IC- (0" +1] @13

terms of the conformal time coordinatier=d7/a?). _ _ .
In this approximation we can expand thg appearing in (Where in the last equallty we used the Wronskian normal-

Eq. (4.4) and we find, to first order iff €}, ization condition. To the lowest order irk%,, using Egs.
(4.9 and (4.8) and expressing all the quantities in terms of

dC, 1 dlogQ,| _ the corresponding physical momenta we obtain
i 2 d 1+2|kadr Cc_,
’ o 1 0,0 Q1)
(4.6) pew(t) = J wd3e ARG (4.12
dC_  1dlogQ| od 16 olty) Q1)
dr 2 dr _1—2|f «d7|C .

Now we want to compute how much energy is present at

) o ] ) . a generic timet inside the horizon during the stiff phase.
By linearly combining the two previous equations we find - First of all we will outline the formal solution of the problem

and secondly we will do an explicit calculation.

E[C++C,]= 1 d|099k[c++ci]+ . _ The total energy density in GW at a generic titneill be
dr 2 dr given by the explicit momentum integral indicated in Eq.
(4.12. This is however not the end of the story. At any given
1 dlogQ, time different GWs will reenter during the stiff phase and
d—T[C+—C_]=— ET[CJ,—C_H cee therefore the total energy stored in GWs which should ap-

pear at the right hand side of the Einstein equations is the
sum over all waves reentering at different times after
This means that the quantity we should computg28 the
total energy density of the gravitational waves reentering at
some generic time during the stiff phase. We then have that
the total energy density of the graviton background is given
by the modes reentering fiisummed to théredshifted en-

4.7

In Eq. (4.7) the ellipses stand for other terms which are of
higher order inf"1Q(7)d7~k=,; and which are negligible
in the sudden approximation. The solution to E4.7) can
easily be found in terms of twéarbitrary complex coeffi-

cients ergy density of those modes which reentered during the pe-
riod t;<t’'<t:
C,+C_=20Q,yQ c,—-C —2Qi (4.8
+ — 1 ) + — 2\/Q—k- . (t)__ft a(t/) 4 apGW(wm(t/),t’) éwmdt,
| _ . o Prot ul at) o N
As we mentioned previously, the Wronskian condition im- (4.13

poses thatC, |>—|C_|?=1. This last condition has to hold

order by order irk#; and, therefore, inserting th@. of Eq. A few comments are in order concerning E4.13. First of
(4.8) into |C_.|2—|C_|?=1 we obtain a condition o®; and  all pgw(wm,t) denotes the energy density in G\\&ee Eq.
Q- valid to first order ink#;: (4.12)] integrated until a “running” ultraviolet cutoff
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om(t)~1k~H(t). The partial derivatives appearing in Eq. We naotice that-,(w,t) is simply the nonregularized contri-
(4.13 simply reflect the fact that we are summing up thebution and is exactly equal to the one we computEd.
energy of GWs reentering the horizon at different moments$4.11)]. On the other hand-,(w,t) comes from the adia-
t>t,. In order to do this we have to exactly slice the horizonbatic regularizatio36] and contains the divergent contribu-
in many infinitesimal portions and compute, for each portion tion which we want to subtract. Notice that in the expansion
the corresponding increment in the GW energy. In computthere are terms with higher derivatives since

ing the increment in the GW energy with respect to the cut-

off we keep the scale factor constant which is the reason for 3(t)=[H?+2H*—2HH—4H?H]. (4.1

the subscript appearing in EGl.13. We now want to com-

pute the frequency integral of E¢4.12. As is well known  Now, our underlying theory is the Einstein theduyith only
this integral is divergent in the limit of large frequencies linear curvature terms in the acti¢8.5)]. Consequently, it is
[35]. This is simply a consequence of the fact that thenot compatible to include subtractions involving four deriva-
vacuum leads to an infinite energy density which has to bdives. Therefore we will not include them in the subtraction.
properly subtracted. The spectrum of the vacuum fluctuawe can integrate the energy density keeping a running ultra-
tions can be simply obtained by puttil@_(w,t;)|=0 in  violet cutoff wm~H(t)=H

Eq. (4.11). This limit corresponds to the absence of amplifi-

cation and therefore the only fluctuations contributing to the __ 1 (on® a a;\2]2 H2

energy density are the ones associated with the vacuumpgy/(t)= Zf 4[ — == - dlogw,
modes with logarithmic energy spectrum proportionabfo 4 m A a ®

In principle, in our case we have gphysica) ultraviolet (4.17
cutoff in the spectrum provided by the scale where inflation .

stops. This maximal frequency ks= 7, 1. We then expect with the result that

our results to be insensitive to the particular renormalization 4 2 2

scheme. Since, however, we want to h@iveEq. (4.13 ] the ;va(t)z _m[ a_ & _2<_) ] (4.18
possibility of a cutoff running with time we will briefly ex- 167%(la1 @& Om

amine this issue which has actually been investigated in the

past for homogeneous cosmological backgrounds ughg We are now ready to include the effect of the produced
leas} two different approaches. In Reff34] this problem  gravitational waves in the Einstein equations. The evolution
was tackled using a regularization scheme strongly reminisef the Hubble parameter will be giveiin the conformally
cent of the Pauli-Villars method. In R€f36] the same prob- flat case by the following integrodifferential equation:

lem was discussed within the so-called adiabatic regulariza-

tion scheme(see also Ref[22]). The two methods were tfa(t’) ] dpewl om(t’),t")| dwy
shown to produce equivalent resuls]. The purpose of this MpH?— pg(t)=— J a0 o —dt’,
paper is not to check which regularization scheme is better to “ m a It

use in curved space. Our approach is more pragmatic: we (4.19
want to get an estimate not only of the maximal duration of 2.\ 304 D)

the stiff phase but also of the transition time between the stiff ps(t) = HiM%(—l) '

and radiation dominated epochs. We want to know how long a

it will take for the stiff fluid to turn into radiation. In this

spirit we will first of all use the adiabatic regularization 5;Gw wﬁ] a a;\ > H?
scheme(without including higher order subtractions involv- o | = Az =l T2 (4.20
ing double time derivatives of the Hubble paramgt&ec- mlag 4 ! ©@m

ondly we will recompute our back reaction effects on the

background evolution without including the subtractions and™ Ed- (4.20 ps is just the energy density of the stiff back-
using a(naive cutoff regularization. ground which decreases faster that* for any y>1/3. No-

In the adiabatic scheme the regularized energy densityc® that the right-hand side of E¢#.19 is nothing but the
reads irst of the FRW equations reported in E@.2). In the ab-
sence of graviton creation the left-hand side of E419
would just be zero, whereas in the presence of a graviton
J wd®0w[F(w,t)—F,(w,1)], (4.14  reentering the horizon at any time aftgrthis second term
receives a nonvanishing contribution.
A useful way of rewriting the integral appearing in Eg.
where (4.19 is by changing the integration variable frarhto H’
=H(t'), and in this way the total energy of produced gravi-

pew(t) =

8 u°

Filw ZE[(Q“’(U) (Qw(tl)” tons becomes
S legw) T leum )l g
, ( . (t) 1 J‘H a(HI):|4 3[ a a; 2 (H/)2]dH,
Ptot)=——2 o | —— = —|— .
Fo(w,t)= 1+%(;) +%EL?1 “ 4m?Juy| a(H) a; a W s
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FIG. 2. We plotz’(y) in the cases=10"’. Recall thatz=log(a/a,) andy=log(t/t;). Therefore, we have that(y) =z’ (y). We plot the
solutions for four different values of the initia} parameter. We integrated E@.23 from t=t, (i.e., y=0) up toy=120. Take, for
instance, the case=1 corresponding te(t;) =1/3. We see that, thanks to the gravitational wave contribution, the background undergoes
a phase transition towards a radiation dominated epochzA{y) ~ «(y)~1/2. In the full lines the casq=0 is reportedno subtractions
of the ultraviolet divergenceésvhereas in the full lines the casg=1 is illustrated including subtractions.

Notice thatawm/_aH~1 sincew,,~H when the given mode 1 29+9(1+7y)
crosses the horizon. fi(y)= > 5
It is clear that Eq.(4.20 represents a complicated inte- 247° (y+1)(3y+1)
. X ! . (4.23
grodifferential equation which cannot be solved exactly. One
possible way of dealing with this problem is to transform it 1 3(yt1) 1 (y+1
into an ordinary differential equation by solving the integral 2(7/)_16772 2+3y ' 3 V)= 16m2\ v

using the scale factor of the stiff phase. In other words, the

integral in the right-hand side of E¢4.19 can be viewed as  (recall thate=H, /M [37)). In Eq. (4.23 there is also the

a perturbation to the solution of the FRW equatié®<) in  parameteq which needs to be explained. As we said before
the absence of graviton creation. Using this procedure Weye regularized the energy density using the adiabatic regu-
insert the stiff scale factor into E¢4.20 and we compute |arization scheme. Now, if we sef=1 we automatically
the effect of the gravitons reentering aftgron the back-  nclude in Eq.(4.23 the subtractions coming from the adia-
ground metric. Thus usinga(t’)/a(t;)]~[t'/t;17°0" Y, patic regularization. If we sef=0 we practically use for the

o~ 11", andH'=H(t")~2[3(y+1)t'] in Eq.(4.2D, our  calculation of the energy density of the gravitational waves
integrodifferential equation becomes the nonregularized energy density. Thusgit 1, pgy is
used in Eq(4.20. If g=0, Eq.(4.20 is computed by using
dz\? 5 72 . pew Which does not include the subtractions of the divergent
(@) =e” me Y+ e ™A(2) terms. As we discussed previously, settigggl or q=0
Y does not change the numerical solution which we are going
to describe. It should actually be borne in mind that we have
A2)={f1(y)[e 2132 1]+ f,(y)[1-e 23727] a physical cutoff provided by the class of models we are
6z discussing and which is set by~ 7;[1. The effect of the
+ia(y)[1-e ", (4.22 subtractiongencoded in the choice @) is illustrated in Fig.
2 where the solution of Eq4.23 is reported as a function of
where y=logt/t;. We can see that to include the subtractions affects
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FIG. 3. The time evolution of the equation of state is reported. Recall, for comparison between the two pictureéy}hat
=2[32'(y)]—1 anda(y)=2'(y). The four curves do correspond to the four cases already discussed in Fig. 2. We notice that starting with
stiff equations of state dt=t; [i.e., from top to bottom;y(0)=1, 5/6, 3/4, 2/3] we are attracted towargls- 1/3 for largey.

the transition regiméwhen the gravitational radiation starts that if these phases exist they are constrained by the produc-
to dominate the backgrouhthut not the asymptotic regime. tion of GWs. We computed the associated energy spectra of
Notice that from the effective evolution ef(y) we can also the produced gravitons and we also discussed the associated
derive the effective evolution of(y). In Fig. 3 the cosmic back reaction effects. Concerning the theoretical implications
time evolution of y(y) is illustrated for the four different of GW backgrounds of stiff origin specifically, we can say
cases ofy(0) discussed in Fig. 2. The back reaction whichthat the possibility of having blue spectra at high frequencies
forces the equation of state to pass from its original stiffcertainly looks promising. In this class of models blue spec-
value(for y—0) to 1/3 the typical value of a radiation domi- tra arise quite naturally. If the maximal inflationary curvature
nated(perfec} relativistic fluid. scale is taken to be of the order of 1 p we can also see

It is also clear that by lowering the transition to the from our results that the amplitude of the Glfégarithmig
radiation dominated epoch might be delay@shying, of energy spectrum will be larger, at high frequencies, than the
course, the price of a fine-tunipgln Fig. 4 we report the inflationary prediction obtained in the absence of stiff
solution of Eq.(4.23 for different values ofe in the case phases. The back reaction effect will make the Universe
vy=1. As usual we can either see the transition in termg of dominated by radiation and the corresponding *“graviton re-
or a. Looking at Figs. 3 and 4 we can also see that theneating” energy scale in the range 141DeV.
transition to the radiation dominated phase does not occur The duration of the stiff phase can be long only if the
instantaneously but takes place in a finite amount of timemaximal scale where inflation occurs is fine-tuned to be
which turns out to be quite substantiaf the order of 20 much smaller than I®Mp. We also found that the transi-

timese folding). tion regime(where the stiff equation of state witp>1/3) is
replaced byy=1/3 is quite long. Our analysis certainly has
V. DISCUSSION AND CONCLUSIONS different limitations. We mainly focused our attention on the

back reaction effects associated with high-frequency gravi-
In this paper we investigated the possibility of stiff epochstons which behave effectively as radiati@0—-22. The sec-
occurring immediately after an inflationary phase. We foundond limitation of our analysis is that we did not discuss the
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FIG. 4. The solution of Eq(4.23 is reported for the case=1. If e=10* (as required by BBN constraintare have that the equation
of state of the fluid driving the expansion starts to deviate significantly from the stiff one alreagy-#rx 10° corresponding tdH,
~10 M5 (notice that we always use Neperian logarithms
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amplification of the scalar fluctuations. We did not do thiswas amplified during the inflationary phase and reentered in
for the simple reason that the scalar fluctuations are mucthe stiff phase. In the framework of a particular model the

more sensitive to the particular dynamical model used irback reaction effects of tensdiand scalar fluctuations

order to implement a stiff phase.

should be analyzed. On one hand, the produced inhomoge-

A conservative conclusion of our investigation is that theneities could offer an original mechanism for reheating the

the duration of a stiff post-inflationary phase is crucially de-

Universe. On the other hand, they could forbid an arbitrary

termined by the energy density of the inhomogeneity whichduration of the stiff phase.
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